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NORMAL FORMS OF PARA-CR HYPERSURFACES
ALESSANDRO OTTAZZI, GERD SCHMALZ
Abstract. We consider hypersurfaces of finite type in a direct product space R2 × R2,
which are analogues to real hypersurfaces of finite type in C2. We shall consider separately
the cases where such hypersurfaces are regular and singular, in a sense that corresponds
to Levi degeneracy in hypersurfaces in C2. For the regular case, we study formal normal
forms and prove convergence by following Chern and Moser. The normal form of such
an hypersurface, considered as the solution manifold of a 2nd order ODE, gives rise to
a normal form of the corresponding 2nd order ODE. For the degenerate case, we study
normal forms for weighted ℓ-jets. Furthermore, we study the automorphisms of finite type
hypersurfaces.
1. Introduction
It is well known that the 2n+1-dimensional Heisenberg group, viewed with its CR struc-
ture, is the Sˇilov boundary of the Siegel domain in Cn+1, namely the quadric ℑw = |z|2,
z ∈ Cn. It is also well known that the infinitesimal automorphisms of the Heisenberg group
with its CR structure form the Lie algebra su(1, n + 1). On the one hand, the Heisenberg
algebra is the nilpotent component of the Iwasawa decomposition of su(1, n + 1). On the
other hand, when n = 1, the three dimensional Heisenberg algebra is also the nilpotent
component of the Iwasawa decomposition of sl(3,R). This fact has a nice geometric in-
terpretation: the three dimensional Heisenberg group with its multicontact structure is
diffeomorphic to the hypersurface y = a + bx of R2xy × R
2
ab endowed with its para-CR
structure [15]. For more on multicontact structures see [1, 3–5, 7, 11, 14], see also [17, 18].
The infinitesimal automorphisms of this structure on y = a+ bx are given by sl(3,R). As
one does for CR manifolds, it is then natural to study general hypersurfaces embedded in
the product space R2xy × R
2
ab and consider their infinitesimal automorphisms and normal
forms.
In this order of ideas, we consider hypersurfaces of the form S : y = F (a, b, x), with
∂F
∂a
(0, 0, 0) 6= 0, and define a para-CR structure on S as the structure on TS induced by
the embedding, namely the two direction fields TS ∩ TR2xy and TS ∩ TR
2
ab. The para-CR
hypersurface is regular if the commutator of the two direction fields generates the missing
direction in TS at each point. This is analogous to Levi non-degeneracy of a CR manifold.
2010 Mathematics Subject Classification. primary: 32V99, 53D10; secondary: 58D19, 22E46, 34A26.
Key words and phrases. para-CR structures, Chern-Moser normal form, multicontact structures, Mar-
tinet distribution, ODE symmetries.
The authors have been partially supported by the ARC Discovery grant DP130103485, by the ARC
Discovery grant DP140100531, and by the CIRM Fondazione Bruno Kessler.
1
2 ALESSANDRO OTTAZZI, GERD SCHMALZ
In this paper we study normal forms of regular para-CR hypersurfaces, in the spirit
of Chern and Moser [2]. This leads to a normal form of second order ODE. We have
learnt recently that I. Kossovskiy and D. Zaitsev [12] obtained independently a result on
the classification of second order ODE’s. Furthermore, we also study the formal normal
forms for non regular hypersurfaces of finite type, following ideas in [9]. Last but not
least, we compute the infinitesimal automorphisms of para-CR hypersurfaces of finite type,
completing the study that was started in [15].
The paper is organized as follows. After establishing the notation, we study in Section 3
the normal forms for regular hypersurfaces. First, we prove in Theorem 1 that the normal
form can be achieved by weighted jets of the function defining the surface, and then we
show that the normalization is convergent in Theorem 2. In Section 3.2, we interpret a
surface S : y = F (a, b, x) as the space of solutions of a second order differential equation in
one variable y′′(x) = B(x, y, y′), with a, b being parameters indicating the initial conditions
for y and y′. In Proposition 1, we show how the normal form for S reflects into a normal
form of the function B. In Section 4, we consider the case of hypersurfaces S that are
not regular. We define a normal form for the jets of the defining equation and prove in
Theorem 3 that every such jet can be put into normal form. Finally, in Section 5, we apply
the normal form to the study of the automorphisms of a hypersurface of finite type. The
automorphisms for the model cases, in which F is a polynomial, were studied in [15]. Here
we study the non model case. In this setting, we show in Theorem 4 that there are no
nontrivial isotropic automorphisms unless the Taylor expansion of the defining function F
in normal form consists of monomials of the type (bmxn)r, where m,n are fixed integers.
In the latter case, we show that there is exactly a 1-parameter group of automorphisms.
2. Notation
We consider smooth hypersurfaces in R4 of the form S : y = F (a, b, x), for which we
assume ∂F
∂a
(0, 0, 0) 6= 0. This embedding distinguishes two direction fields TS ∩ TR2xy and
TS ∩ TR2ab on S, which in local coordinates x, a, b take the form
X =
∂
∂x
, Y =
∂F
∂a
∂
∂b
−
∂F
∂b
∂
∂a
.
We call a hypersurfaces in R4 with two distinguished vector fields X,Y a para-CR hyper-
surface. Sometimes it will be convenient to denote the partial derivatives of a function
with the subscripts, in which case we shall write Fb, Fx, Fbx, and so on.
We say that S is of finite type k ≥ 2 if k is the smallest integer such that ∂
kF
∂mb∂nx
(0, 0, 0) 6=
0 for some m,n > 0 such that m + n = k, provided such a k exists. We say that S is
regular if k = 2, otherwise we call S singular. Given S of finite type k, let Fℓ(a, b, x) be
the polynomial such that
F (tka, tb, tx) = Fℓ(t
ka, tb, tx) + o(tℓ),
as t → 0, and call Fℓ the weighted ℓ-jet of F . Denote by Rℓ = F − Fℓ the remainder of
weight greater than ℓ. We say that a polynomial P (a, b, x) has weight ℓ if P (tka, tb, tx) =
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tℓP (a, b, x). After a polynomial coordinate change, we may write
y = a+ P (b, x) +Rk,
where P (b, x) =
∑k−1
i=1 γib
ixk−i with γi 6= 0 for some 1 ≤ i ≤ k− 1, and Rk = o(|a|+ (|x|+
|b|)k). In particular, Fk = a+ P (b, x). Indeed, if
y = ga+ f1b+ · · ·+ fkb
k + h1x+ · · ·+ hkx
k +
k−1∑
i=1
γib
ixk−i +Rk,
for some constants g, h1, . . . , hk, f1, . . . , fk, an appropriate coordinate change is x
∗ = x,
y∗ = y −
∑k
i=1 hkx
k, a∗ = ga+
∑k
i=1 fkb
k and b∗ = γmb leads to
(1) y = a+ bmxn +
k−1∑
i=m+1
γib
ixk−i +Rk,
where we denoted by m the smallest index for which γm 6= 0.
3. Normal forms in the regular case
In this section we consider smooth regular para-CR hypersurfaces in R4. First, we
discuss normal forms for regular surfaces. Second, we relate the normal form of regular
hypersurfaces to normal forms for second order ODEs.
3.1. Jet analysis and formal normal form. Let Fℓ =
∑ℓ
ν=2 Pν be the decomposition
of Fℓ into weighted homogeneous polynomials of weight 2 ≤ ν ≤ ℓ.
Definition 1. We say that the regular hypersurface S is in jet normal form of order ℓ ≥ 2
if F2 = P2 = a+ bx and Pν does not contain monomials of the type
aixj , aibj, 2i+ j = ν(2)
aibxj , aibjx, 2i+ j + 1 = ν,(3)
aib2x2, aib2x3, aib3x2, aib3x3(4)
for 2 < ν ≤ ℓ.
In preparation of Theorem 1 below we introduce the Chern-Moser operator
T : (η, α, β, ξ) 7→ η − α− xβ − bξ|y=a+bx
where ξ, η are functions (or formal power series) of x, y and α, β are functions (or formal
power series) of a, b. The argument (η, α, β, ξ) can be interpreted as the coefficients of a
vector field
V = η∂y + α∂a + β∂b + ξ∂x
and
T (V ) = V (y − a− bx)|y=a+bx.
We are interested in studying the kernel and the image of T . We assign to ∂y, ∂a, ∂b and
∂x the weights −2,−2,−1 and −1 respectively. Then T maps a homogeneous vector field
of weight ℓ− 2 to a homogeneous polynomial of weight ℓ. It follows that the homogeneous
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ℓ V Kernel Image
0 η0∂y + α0∂a ∂y + ∂a η0 − α0
1 η0x∂y + ξ0∂x + α0b∂a + β0∂b x∂y + ∂b, b∂a − ∂b (η0 − β0)x − (α0 + ξ0)b
2 (η0x
2 + η1y)∂y + ξ0x∂x+ y∂y + a∂a + b∂b, η0x
2 + (η1 − β0 − ξ0)bx+
+(α0b
2 + α1a)∂a + β0b∂b b∂b − x∂x +(η1 − α1)a− α0b
2
3 (η0x
3 + η1xy)∂y + (ξ0x
2 + ξ1y)∂x+ ab∂a + b
2∂b − y∂x, η0x
3 + (η1 − ξ0)bx
2 − (ξ1 + β0)b
2x+
+(α0b
3 + α1ab)∂a + (β0b
2 + β1a)∂b xy∂y + x
2∂x + a∂b +(η1 − β1)ax− α0b
3 − (α1 + ξ1)ab
4
∑
2
j=0 ηjx
4−2jyj∂y + (ξ0x
3 + ξ1xy)∂x+ y
2∂y + xy∂x+ η0x
4 + (η1 − ξ0)bx
3 + η1ax
2+
+
∑2
j=0 αjb
4−2jaj∂a + (β0b
3 + β1ab)∂b +a
2∂a + ab∂b +η2b
2x2 + (2α2 − ξ1 − β1)abx+
−β0b
3x+ (η2 − α2)a
2 − α1ab
2 − α0b
4
Table 1. Kernel and image of Tℓ for 0 ≤ ℓ ≤ 4.
ℓ V Image
ℓ = 2k + 1
∑k
j=0 ηjx
ℓ−2jyj∂y+
∑k−2
j=0 ξja
jbxℓ−2j−1 +
∑k
j=0 αja
jbℓ−2j+
k ≥ 2 +
∑k
j=0 ξjx
ℓ−2j−1yj∂x+ +
∑k−1
j=0 βja
jbℓ−2j−1x+
∑k−1
j=0 ηja
jxℓ−2j+∑k
j=0 αja
jbℓ−2j∂a+ −(ξk + αk)a
kb− (kξk + βk−1)a
k−1b2x−
(
k
2
)
ξka
k−2b3x2
+
∑k
j=0 βja
jbℓ−2j−1∂b +(ηk − βk)a
kx+ (kηk − ξk−1)a
k−1bx2+
+[
(
k
2
)
ηk − (k − 1)ξk−1]a
k−2b2x3 + . . .
ℓ = 2k
∑k
j=0 ηjx
ℓ−2jyj∂y+
∑k−2
j=0 ξja
jbxℓ−2j−1 +
∑k−1
j=0 αja
jbℓ−2j+
k ≥ 3 +
∑k−1
j=0 ξjx
ℓ−2j−1yj∂x+ +
∑k−2
j=0 βja
jbℓ−2j−1x+
∑k−1
j=0 ηja
jxℓ−2j+∑k
j=0 αja
jbℓ−2j∂a+ (kηk − ξk−1 − βk−1)a
k−1bx+
((
k
2
)
ηk − kξk−1
)
ak−2b2x2+
+
∑k−1
j=0 βja
jbℓ−2j−1∂b +
((
k
3
)
ηk −
(
k−1
2
)
ξk−1
)
ak−3b3x3 + (ηk − αk)a
k + . . .
Table 2. Image of Tℓ for ℓ ≥ 5.
components of both kernel and image belong to the kernel and the image respectively.
Therefore it is sufficient to analyse kernel and image of the restrictions T = T |Vℓ , with
Vℓ = ηℓ∂y + αℓ∂a + βℓ−1∂b + ξℓ−1∂x. For ℓ ≥ 5 the kernel is trivial, which follows from the
fact that the dimensions of preimage and image coincide. By straightforward calculation
we obtain the results that are summarised in Tables 1 and 2, where the dots stand for
terms of bidegree (i, j) in (b, x) with min(a, b) ≥ 2 and max(a, b) ≥ 4.
We can now prove our first result.
Theorem 1. Let S : y = F (a, b, x) be a regular hypersurface in R4. For every ℓ there is a
polynomial mapping that takes Fℓ into normal form. Moreover, if Fℓ is in jet normal form,
then Fℓ+1 may be taken into jet normal form by a mapping Φℓ+1 defined component-wise
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by
X = x+ ξℓ(x, y) Y = y + ηℓ+1(x, y)(5)
A = a+ αℓ+1(a, b) B = b+ βℓ(a, b)
where ξℓ and βℓ are polynomials of weight ℓ and ηℓ+1 and αℓ+1 are polynomials of weight
ℓ+ 1. The mapping Φℓ+1 is unique if ℓ > 4.
Proof. We use induction by ℓ ≥ 2. By (1) we may write F2 = a+ bx. Suppose next that
Fℓ is in normal form. Assume that after applying the mapping (5) on
y = a+ bx+
ℓ+1∑
ν=3
Pν +Rℓ+1
we obtain
Y = A+BX +
ℓ+1∑
ν=3
P ∗ν +R
∗
ℓ+1.
This yields the identity
y+ηℓ+1−a−αℓ+1−(b+βℓ)(x+ξℓ)−
ℓ+1∑
ν=3
P ∗ν (a+αℓ+1, b+βℓ, x+ξℓ)+R
∗
ℓ+1|y=a+bx+
∑ℓ+1
ν Pν+Rℓ+1
= 0.
Isolating the terms of weight ℓ+ 1 gives
Pℓ+1 + ηℓ+1 − αℓ+1 − xβℓ − bξℓ − P
∗
ℓ+1|y=a+bx = 0.
This implies that we can eliminate exactly those terms in Pℓ+1 that belong to the image
of the Chern-Moser operator Tℓ+1. Since the space spanned by the terms (2) to (4) is
complementary to the image of Tℓ+1, from Tables 1 and 2 these terms can be eliminated
by the mapping (5). Notice that Tℓ+1 does not affect Fℓ. 
The previous theorem can be restated in terms of formal power series in the following
way.
Definition 2. Given a regular para-CR hypersurface S : y = F (a, b, x), we say that S is
in if it is in jet normal form of order k for any k.
Corollary 1. For any formal power series equation y = a+ bx+
∑∞
j=3 fj(a, b, x) there is
a formal power series coordinate change
X = x+
∞∑
ν=2
ξν(x, y) A = a+
∞∑
ν=2
αν+1(a, b)
Y = y +
∞∑
ν=2
ην+1(x, y) B = b+
∞∑
ν=2
βν(a, b)
that takes the summands of the formal defining equation into formal normal form.
Following Chern and Moser [2] we give next a geometric construction of the normalisa-
tion.
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Definition 3. We say that a para-CR hypersurface S : y = F (x, a, b) is in normal form if
y = a+ bx+ f(x, a, b) where
(i) f |x=0 = f |b=0 = 0
(ii) ∂xf |x=0 = ∂bf |b=0 = 0
(iii) ∂xxbbf |x=b=0 = 0
(iv) ∂xxxbbf |x=b=0 = ∂xxbbbf |x=b=0 = 0
(v) ∂xxxbbbf |x=b=0 = 0.
Remark. If the defining equation of a para-CR hypersurface has a Taylor series and is
in normal form then the Taylor series has formal normal form. If a para-CR hypersurface
is real-analytic then the normal form conditions are equivalent to the formal normal form
conditions.
Theorem 2. Let S : y = F (x, a, b) be a regular para-CR hypersurface in R4. Then S may
be taken into normal form by a smooth change of coordinates.
Proof. From (1), we may write
S : y = a+ bx+ f(a, b, x),
with f(0, 0, 0) = df(0, 0, 0) = d2f(0, 0, 0) = 0, where by df and d2f we denote the collection
of all first order and second order partial derivatives of f . We normalise this equation by
a finite sequence of mappings. For each consecutive mapping we shall denote the old
coordinates by x, y, a, b and the new coordinates by X,Y,A,B, and old and new defining
functions by f and f∗ respectively.
Step 1. The first mapping is given by its inverse:
x = X + p(Y ) a = ψ(A)
y = q(Y ) b = B + π(A)
with p(0) = π(0) = ψ(0) = 0, q′(0) = ψ′(0) = 1. We assume that the curve
γ : x = p(t), y = q(t), a = ψ(t), b = π(t) belongs to S, that is
q = ψ + πp+ f(ψ, π, p).
Then γ is mapped to γ∗ : Y = A = t,X = B = 0, which belongs to the new
hypersurface S∗ : Y = A + BX + f∗(A,B,X). It follows that f∗(A, 0, 0) ≡ 0.
Later we shall impose additional conditions on the curve γ, which will make it an
analogue of a Chern-Moser chain.
Step 2. In the second step we seek a change of coordinates of the form
X = x A = a+ h(a, b)
Y = y + g(x, y) B = b
that maps S to Y = A + BX + f∗(A,B,X) in such a way that f∗(A,B, 0) =
f∗(A, 0,X) = 0. In order to achieve this, first observe that the equation Y =
A+BX + f∗(A,B,X) is equivalent to
(6) y + g(x, y) = a+ h(a, b) + bx+ f∗(a+ h(a, b), b, x)|
y=a+bx+f(a,0,x)+f(a,b,0)+f˜ .
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First, imposing f∗(A,B, 0) = f(a+ h(a, b), b, 0) = 0 and x = 0 in (6),
f(a, b, 0) + g(0, y) = h(a, b),
whence g(0, y) = 0 and h(a, b) = f(a, b, 0). In particular, since f(a, 0, 0) = 0 from
Step 1, h(a, 0) = 0.
Second, imposing f∗(A, 0,X) = f(a + h(a, b), 0, x) = 0 and b = 0 in (6), and
since h(a, 0) = 0,
f(a, 0, x) + g(x, y) = 0,
whence g(x, y) = −f(a, 0, x), where a = a(x, y) is the solution of the implicit
function with parameter x
y = a+ f(a, 0, x)
with a(0, 0) = 0.
Step 3. In the third step we use the mapping
X = x A = a
Y = y B = C(a)b
with C(a) = (1 + fbx(a, 0, 0))
−1, in order to achieve f∗BX(A, 0, 0) = 0. The new
defining function f∗ has the properties f∗(A,B, 0) = f∗(A, 0,X) = f∗BX(A, 0, 0) =
0.
It follows that
f∗(A,B,X) = f∗(A, 0,X)+f∗B(A, 0,X)B+
1
2
f∗BB(A,B,X)B
2 = f∗B(A, 0,X)B+φ(A,B,X)B
2.
Furthermore,
f∗B(A, 0,X) = f
∗
B(A, 0, 0) + f
∗
BX(A, 0, 0)X +O(X
2)
φ(A,B,X) = φ(A,B, 0) + φX(A,B, 0)X +O(X
2)
with f∗B(A, 0, 0) = 0 and φ(A,B, 0) = 0. Hence,
(7) f∗(A,B,X) = f∗BX(A, 0,X)BX + φX(A,B, 0)B
2X +O(B2X2).
Step 4. The fourth step consists in applying the transformation
X = x A = a
Y = y B = b+ fx(a, b, 0)
which leads to f∗X(A,B, 0) = 0.
Step 5. Next, in order to achieve f∗B(A, 0,X) = 0, we apply
X = x+ fb(a, 0, x) A = a
Y = y B = b,
where a = a(x, y) is the solution of the implicit function with parameter x
y = a+ f(a, 0, x)
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with a(0, 0) = 0.
Step 6. The mapping of the next step is again given by its inverse:
x = C(Y )X a = A
y = Y b = B/C(A)
which acts on the term f22b
2x2 = 14fbbxx(a, 0, 0)b
2x2 of the defining function f(a, b, x) =
1
4fbbxx(a, 0, 0)b
2x2+ f˜1+ f˜2, where f˜1 is divisible by b
3x2 and f˜2 is divisible by b
2x3.
By chosing C(A) as the solution of the ODE
C ′(A)
C(A)
= −f22
with initial condition C(0) = 1 we can eliminate the term f22. By solving the ODE
with another RHS we can modify the term f22 to any other prescribed function,
which will be used in Step 8.
Step 7. The last transformation is given by the inverse of
x =
√
h′(Y )X a = h(A)
y = h(Y ) b =
√
h′(A)B
that we perform to eliminate the term 136fbbbxxx(a, 0, 0, )b
3x3. This can be achieved
by choosing h as a solution of
h′′′ −
3
2
(h′′)2
h′
+
1
3
fbbbxxx(a, 0, 0) = 0
with initial conditions h(0) = 0, h′(0) = 1.
Step 8. It remains to choose the chain γ in the first step so that the terms 112fbbbxx(a, 0, 0, )b
3x2
and 112fbbxxx(a, 0, 0, )b
2x3 disappear. This can be achieved by another transforma-
tion that eliminates those terms. Assume that S is given by
y = a+ bx+ f22b
2x2 + f23b
2x3 + f32b
3x2 + . . .
where f23 = fbbxxx|b=x=0 and f32 = fbbbxx|b=x=0, and apply a mapping of the form
X = p(y) + x+ T2(y)x
2 + T3(y)x
3 + . . .
Y = q(y) + g1(y)x+ g2(y)x
2 + g3(y)x
3 + . . .
A = ψ(a) + h1(a)b+ h2(a)b
2 + h3(a)b
3 + . . .
B = π(a) + b+ S2(a)b
2 + S3(a)b
3 + . . .
to eliminate f23 and f32, preserving the conditions on fk0, f0k, fk1, f1k. For compu-
tational convenience we impose a parametrisation on the chain γ such that
q′ = 1 + p′π.
This condition is not essential as it can be undone by consecutive application of
Step 7.
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Plugging the transformation into the desired resulting equation and restricting
to the hypersurface yields
q + q′(bx+ f22b
2x2 + f23b
2x3 + f32b
3x2) +
1
2
q′′(b2x2 + 2f22b
3x3) + . . .
g1x+ g
′
1(bx
2 + f22b
2x3) +
1
2
g′′1b
2x3 + · · ·+ g2x
2 + g′2bx
3 + . . .
= ψ + h1b+ h2b
2 + · · · + [π + b+ S2b
2 + S3b
3 + . . . ]×
× [p+ p′(bx+ f22b
2x2 + f23b
2x3 + f32b
3x2) +
1
2
p′′b2x2 + x+ T2x
2 + T ′2bx
3 + T3x
3 + . . . ]
Hence,
g1 = π h1 = −p
gk = πTk hk = −pSk
g′k = Tk+1 + πT
′
k 0 = Sk+1 + p
′Sk
and therefore
Tk = (π
′)k−1 Sk = (−p
′)k−1
gk = π(π
′)k−1 hk = −p(−p
′)k−1.
This shows that the mapping above can be written in the closed form
X = p(y) +
x
1− xπ′(y)
Y = q(y) +
xπ(y)
1− xπ′(y)
A = ψ(a)−
bψ(a)
1 + bp′(a)
B = π(a) +
b
1 + bp′(a)
.
Finally, we find
f22 = S2T2 +
1
2
πp′′ −
1
2
q′′ = −p′π′ +
1
2
πp′′ −
1
2
q′′ = −
3
2
p′π′
f32 = p
′f22 +
1
2
p′′ + S3T2 =
1
2
(p′′ − (p′)2π′)
f23 = −g
′
1f22 −
1
2
g′′1 + T
′
2 + S2T3 =
1
2
(π′′ + (π′)2p′).
The chain equations are therefore
p′′ − (p′)2π′ = 2f32, π
′′ + (π′)2p′ = 2f23.
The new equation has no term f∗22 if f22 in the old equation had been modified to
f22 = −
3
2p
′π′ by prior application of Step 6.

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3.2. Second order ODE. We notice that the solutions of a second order ODE in one
variable can be interpreted as a para-CR hypersurface in R4, when we treat the initial
conditions as parameters. In this section we study the consequences of the normal form for
regular hypersurfaces in R4 in the second order ODEs of which they represent the solutions.
Let
y′′ + r(x)y′ + s(x)y = 0
be a homogeneous linear second order ODE and let f1(x) and f2(x) be fundamental solu-
tions with f1(0) = f
′
2(0) = 1 and f
′
1(0) = f2(0) = 0. Then the general solution is
y = af1 + bf2 = a+ bx+ . . .
It is easy to check that the Lie invariants vanish and therefore the ODE is equivalent
to y˜′′ = 0. This fact is consistent with our previous analysis. In fact, the coordinate
transformation
y˜ =
y
f1(x)
, x˜ =
f2(x)
f1(x)
takes the solution manifold to the normal form
y˜ = a+ bx˜.
The original ODE can be written as
y˜′′ =
∣∣∣∣y′′ f1′′y f1
∣∣∣∣
∣∣∣∣f2′ f1′f2 f1
∣∣∣∣−
∣∣∣∣f2′′ f1′′f2 f1
∣∣∣∣
∣∣∣∣y′ f1′y f1
∣∣∣∣∣∣∣∣f2′ f1′f2 f1
∣∣∣∣
=
(
W (y, f1)
W (f2, f1)
)′
W (f2, f1) = 0
where W (f2, f1) =
∣∣∣∣f2′ f1′f2 f1
∣∣∣∣ is the Wronskian of the two solutions f1, f2 etc.
In particular, let y′′+ry′+sy = 0 be a homogeneous linear ODE with constant coefficients
and with general solution
y = Aeλx +Beµx.
Assume the λ, µ are distinct solutions of the characteristic equation. Then
y = a
µeλx − λeµx
µ− λ
+ b
eλx − eµx
µ− λ
= a+ bx+ a
(
µeλx − λeµx
µ− λ
− 1
)
+ b
(
eλx − eµx
µ− λ
− x
)
.
The normalising coordinate change according to the procedure from above is
x˜ =
eµx − eλx
µeλx − λeµx
, y˜ =
(µ− λ)y
µeλx − λeµx
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together with a˜ = a and b˜ = a. This point transformation also transforms the original
ODE to y˜′′ = 0. Indeed,
y˜′ =
dy˜
dx˜
=
λeµx(y′ − µy)− µeλx(y′ − λy)
(λ− µ)e(λ+µ)x
y˜′′ =
dy˜′
dx˜
=
(λeµx − µeλx)3
(λ− µ)3e2(λ+µ)x
(y′′ − (λ+ µ)y′ + λµy).
The inverse transformation is
x =
1
µ− λ
log
1 + µx˜
1 + λx˜
, y =
[
µ
µ− λ
(
1 + µx˜
1 + λx˜
) λ
µ−λ
−
λ
µ− λ
(
1 + µx˜
1 + λx˜
) µ
µ−λ
]
y˜.
We consider now the general second order differential equation
(8)


y′′(x) = B(x, y, y′)
y(0) = a
y′(0) = b
where B is a function that we suppose to be analytic in (x, y, y′). The solution is some
analytic function y = F (x, a, b). From what we showed above, we can apply smooth
transformations to F so that it appears in normal form. The normal form of F = a+ bx+
f(x, a, b) has an immediate correspondence for the solution y of (8), and in turn it entails
a corresponding normal form on B(x, y, y′). The investigation of the resulting normal form
for the function B is the content of the following statement.
Proposition 1. Consider the differential equation (8), and assume that B is analytic
in (x, y, y′). Then, after a smooth change of coordinates, B(x, y, y′) =
∑
Bij(y)x
i(y′)j
satisfies Bij = 0 for pairs of indices (i, 0), (i, 1) with i ≥ 0, (0, 2), (0, 3), (1, 2), and (1, 3).
In particular,
B = (y′)4
∞∑
j=0
(B0,j+4(y) + xB1,j+4(y))(y
′)j +
∑
i,j≥2
Bij(y)x
i(y′)j .
Proof. We write yij =
∂i+jy
∂x
i∂b
j , y
i
0 = y
i, and y0j = yj. Then the solution F (x, a, b) of (8) is in
normal form if and only if
yi(x, a, 0) = 0,∀i ≥ 0(9)
yj(0, a, b) = 0,∀j ≥ 0,(10)
y1(x, a, 0) = x(11)
y11(0, a, 0) = 1(12)
yi1(x, a, 0) = 0,∀i ≥ 2(13)
y1j (0, a, b) = 0,∀j ≥ 2(14)
y22(0, a, 0) = y
3
2(0, a, 0) = y
2
3(0, a, 0) = y
3
3(0, a, 0) = 0.(15)
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We have B(x, a, b) = Fxx(x, a(x, y, y
′), b(x, y, y′)) where a(x, y, y′) and b(x, y, y′) are the
solutions of the implicit system of equations
y = a+ bx+ f(x, a, b),
y′ = b+ fx(x, a, b).
Assume that
a(x, y, y′) =
∞∑
j=0
aj(y, y
′)xj ,
b(x, y, y′) =
∞∑
j=0
bj(y, y
′)xj .
Then
y ≡
∞∑
j=0
aj(y, y
′)xj +
∞∑
j=0
bj(y, y
′)xj+1 + f(x,
∞∑
j=0
aj(y, y
′)xj,
∞∑
j=0
bj(y, y
′)xj),
y′ ≡
∞∑
j=0
bj(y, y
′)xj + fx(x,
∞∑
j=0
aj(y, y
′)xj ,
∞∑
j=0
bj(y, y
′)xj).
Since f is divisible by x2 and fx is divisible by x, we readily find
a0 = y, b0 = y
′, a1 = −y
′, b1 = −fxx(0, y, y
′) = o((y′)3).
Consider the x2-term:
0 =a2x
2 + b1x
2 +
1
2
fxx(0, y, y
′),
0 =b2x
2 + (
1
2
fxxx(0, y, y
′) + fxxa(0, y, y
′)a1 + fxxb(0, y, y
′)b1)x
2.
So
a2 =
1
2
fxx(0, y, y
′) = o((y′)3)
and
an = −bn−1 +
1
n
bn−1 =
1− n
n
bn−1.
This means
a = y + b− x(y′ + bx),
where b(x, y, y′) =
∫ x
0 b(t, y, y
′)dt.
The function b satisfies the implicit equation
b = xy′ − f(x, y + b− x(y′ + bx), b
′)
with b(0, y, y′) ≡ 0.
If φ = b− xy′, then
φ = −f(x, y − xy′ + φ− xφx, y
′ + φx)
with φ(0, y, y′) = φx(0, y, y
′) = 0.
NORMAL FORMS OF PARA-CR HYPERSURFACES 13
Let φ =
∑∞
n=2 φnx
n. Then
φn = −
n∑
k=0
∂nf
∂xn−k∂ak
(0, y, y′)
(y′)k
(n− k)!k!
+ . . .
where the . . . terms contain at least one factor of φν or φ
′
ν with ν < n and no terms φν or
φ′ν with ν ≥ n. It can be proved by induction that all φn are divisible by (y
′)2. 
Remark. We show that B ≡ 0 if the two Lie-Tresse invariants (see, e.g., [13,16]) vanish.
The first invariant is ∂
4B
(∂y′)4
. Its vanishing yields
Bi,j+4 = 0 for i, j ≥ 0.
Now vanishing of the order 0 component in y′ of the second invariant implies
Bi2 = 0 for i ≥ 2
and vanishing of the order 1 component in y′ of the second invariant implies
Bi3 = 0 for i ≥ 2.
Therefore B ≡ 0.
4. Singular case
It is known from the results by M. Kola´rˇ [10] in the CR-case that one cannot expect a
convergent (smooth) normal form for singular hypersurfaces. Below we present a formal
normal form construction similar to Kola´rˇ’s [8] formal normal form for finite type CR-
manifolds.
We start with a para-CR hypersurface S : y = F (a, b, x) in R4 of finite type. From (1),
we may write
F (a, b, x) = a+ bmxn +
k−1∑
j=m+1
γjb
jxk−j +
ℓ∑
ν=k+1
Pν(a, b, x) +Rℓ,
for every ℓ > k, where m is the minimal number such that γm 6= 0 and n = k − m. In
particular,
Fℓ(a, b, x) = a+ b
mxn +
k−1∑
j=m+1
γjb
jxk−j +
ℓ∑
ν=k+1
Pν(a, b, x).
In contrast to the regular case studied in Section 3, we shall consider here the case k >
2. Similar to the approach in [6] we use a single monomial bmxn in the normalisation
procedure.
Definition 4. We say that S is in normal form of order ℓ ≥ k with respect to bmxn if
Fk = a+b
mxn+
∑k−1
j=m+1 γjb
jxk−j and for every k < ν ≤ ℓ, Pν does not contain monomials
14 ALESSANDRO OTTAZZI, GERD SCHMALZ
of the type
aixj , aibj , ki+ j = ν,
aibmxn−1+j, aibm−1+jxn, k(i+ 1) + j − 1 = ν,
aib2mx2n, ajb3mx3n, k(i+ 2) = k(j + 3) = ν,
aibx2n, if m = 1,
aib2mx, if n = 1.
Theorem 3. Let S : y = F (a, b, x) be a para-CR hypersurface of finite type k > 2. For
every ℓ > k there is a polynomial mapping that takes Fℓ into normal form.
Proof. Throughout the proof, the letter γ will denote a real number that depends only on
indices i, j. We start with the case m,n > 1.
First, using mappings of the form
x 7→ x, y 7→ y, a 7→ a+ γaibj, b 7→ b
with ki+ j > k, we may simplify the monomials in Pν of the form a
ibj , only by affecting
other higher order terms in the equation.
Second, mappings of the kind
x 7→ x, y 7→ y, a 7→ a, b 7→ b+ γaibj ,
where ki + j > 1 affect the monomials aibm−1+jxn and terms of higher order. Hence, the
monomials of the form aibm−1+jxn with k(i+ 1) + j − 1 > k can be eliminated.
Third, transformations
x 7→ x, y 7→ y + γxjyi, a 7→ a, b 7→ b
with ki + j > k affect the monomials aixj and higher order terms. So, terms aixj with
ki+ j > k can be simplified. However, for j = 0 this has been already achieved in the first
step. We might then use this mapping to eliminate terms of the form ai−1bmxn, but these
terms have been eliminated in the second step. Therefore we use this mapping to eliminate
monomials of the form ai−2b2mx2n.
Fourth,
x 7→ x+ γxjyi, y 7→ y, a 7→ a, b 7→ b
with j + ki > 1 affect aibmxn−1+j, which has already been eliminated for j = 1. The
next affected term ai−1b2mx2n has also been eliminated. Therefore, we use this mapping
to eliminate monomials of the form ai−2x3mb2n.
Suppose now that m = 1. The difference to the case m > 1 is that the terms aixn can
be eliminated in two ways, either by
x 7→ x, y 7→ y, a 7→ a, b 7→ b+ γai
or by
x 7→ x, y 7→ y + γxnyi, a 7→ a, b 7→ b.
NORMAL FORMS OF PARA-CR HYPERSURFACES 15
Since the first mappings affect only those terms, we can use the second mapping to eliminate
the monomials aibx2n instead.
Similarly, if n = 1, the terms of the form aibm can be eliminated by
x 7→ x+ γyi, y 7→ y, a 7→ a, b 7→ b
or by
x 7→ x, y 7→ y, a 7→ a+ γaibm, b 7→ b.
In this case we use the first mapping to further eliminate monomials of the form aib2mx. 
We remark that there is clearly a certain freedom of choosing the conditions. For exam-
ple, one could look at other terms in P , if there are any, such as the terms aibm−1xn and
aibmxn−1.
5. Application to automorphisms of para-CR hypersurfaces of finite type
Let S : y = a+ P (b, x) + f(a, b, x) be a hypersurface of finite type. In [15], the authors
study the automorphisms of S in the model case, that is when f = 0. We complete here
the study of the automorphisms in the general case using the properties of mappings that
preserve our Chern-Moser type normal form and the fact that isotropic automorphisms of
a hypersurface in normal form preserve normal form. If χ is an infinitesimal automorphism
with χ(0) = 0 then exp tχ is a one parametric family of isotropic automorphisms. Suppose
that S is given in normal form. Then exp tχ preserves the normal form and so does χ.
Theorem 4. Let S : y = a+P (b, x)+f(a, b, x) be a para-CR hypersurface of finite type, and
suppose that f is not constant. The linear vector field χ = nb∂b−mx∂x is an infinitesimal
automorphism of S with χ(0) = 0 if and only if P (b, x) = bmxn and the Taylor expansion
of f(a, b, x) with respect to b and x consists of monomials of the type #(bmxn)r. Moreover,
χ and its multiples are the only isotropic infinitesimal automorphisms that may occur.
Proof. We suppose first that P is not a monomial and show that there are no nontrivial
infinitesimal automorphisms in this case. The infinitesimal isotropic automorphisms of the
model case f = 0 are linear of the form [15][Theorem 1]
χ0 = x∂x + b∂b + ka∂a + ky∂y.
It follows that an isotropic infinitesimal automorphism χ of a deformation S of a model S0
is a deformation χ0 + χ˜ of χ0 by higher order terms χ˜ (h.o.t. for short). This implies that
the first deformation terms of S are preserved by χ0, which is impossible, because it has
a higher weight than k. Therefore para-CR hypersurfaces such that P is not a monomial
and that are not equivalent to the model itself have no nontrivial isotropic infinitesimal
automorphisms.
Consider next the case when P = bmxn (k = m+n > 2) is a monomial. Assume that S
is given in the form (1) and χ is an isotropic infinitesimal automorphism with trivial linear
part, i.e.
χ = χk + h.o.t.
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where
χk = a
2∂a +
1
m
ab∂b +
1
n
xy∂x + y
2∂y
and h.o.t. are terms of weight > k. Let Pk′ be the polynomial of lowest weight k
′ > k in
the defining equation of S, that is, y = a+ bmxn+Pk′ +Rk′ , and assume that the jet Fk+k′
is in normal form. Then
χ = χk + χk′ + h.o.t.
Indeed, if there was an integer h ∈ (k, k′) such that χh 6= 0, then the terms of weight k+h
in χ(S)|S would be given by χh(y − a− b
mxn). However, the latter expression is not zero
because χh is not an automorphism of the model. So χh = 0.
Therefore, the terms of weight k + k′ are the lowest order terms in
χ(y − a− bmxn − f(a, b, x))|y=a+bmxn+f(a,b,x)
and they equal
(χk′(y − a− b
mxn)− χkPk′) |y=a+bmxn+f(a,b,x)
Direct computation, using the definition of normal form shows that χk′(y − a − b
mxn)
consists of non-normal terms and χkPk′ consists of normal terms. This is only possible if
χk′ = 0 and Pk′ = 0, hence only if S is the model.
If χ is a deformation of a linear vector field
χ0 = nb∂b −mx∂x
it follows that χ0 itself preserves S. Since, by the previous argument, χ is completely
determined by χ0 we have χ = χ0. Consequently, all terms in the Taylor expansion of f
have to be of the form #(bmxn)r. 
References
[1] Andreas Cˇap, Michael G. Cowling, Filippo de Mari, Michael Eastwood, and Rupert McCallum, The
Heisenberg group, SL(3,R), and rigidity, Harmonic analysis, group representations, automorphic forms
and invariant theory, 2007, pp. 41–52.
[2] S. S. Chern and J. K. Moser, Real hypersurfaces in complex manifolds, Acta Math. 133 (1974), 219–271.
[3] Michael G. Cowling, Filippo De Mari, Adam Kora´nyi, and Hans M. Reimann, Contact and conformal
maps on Iwasawa N groups, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat.
Appl. 13 (2002), no. 3-4, 219–232. Harmonic analysis on complex homogeneous domains and Lie groups
(Rome, 2001).
[4] , Contact and conformal maps in parabolic geometry. I, Geom. Dedicata 111 (2005), 65–86.
[5] Filippo De Mari and Alessandro Ottazzi, Rigidity of Carnot groups relative to multicontact structures,
Proc. Amer. Math. Soc. 138 (2010), no. 5, 1889–1895.
[6] Vladimir V. Ezˇov and Gerd Schmalz, Special normal form of a hyperbolic CR-manifold in C4, Ann.
Polon. Math. 70 (1998), 99–107. Complex analysis and applications (Warsaw, 1997).
[7] Chong-Kyu Han, Jong-Won Oh, and Gerd Schmalz, Symmetry algebra for multi-contact structures
given by 2n vector fields on R2n+1, Math. Ann. 341 (2008), no. 3, 529–542.
[8] Martin Kola´rˇ, Normal forms for hypersurfaces of finite type in C2, Math. Res. Lett. 12 (2005), no. 5-6,
897–910.
[9] , Local symmetries of finite type hypersurfaces in C2, Sci. China Ser. A 49 (2006), no. 11,
1633–1641.
[10] , Finite type hypersurfaces with divergent normal form, Math. Ann. 354 (2012), no. 3, 813–825.
NORMAL FORMS OF PARA-CR HYPERSURFACES 17
[11] Adam Kora´nyi,Multicontact maps: results and conjectures, Lecture notes of Seminario Interdisciplinare
di Matematica. Vol. IV, 2005, pp. 57–63.
[12] Ilya Kossovskiy and Dmitri Zaitsev, Normal form for second order differential equations, in preparation.
[13] Pawel Nurowski and George A. Sparling, Three-dimensional Cauchy-Riemann structures and second-
order ordinary differential equations, Classical Quantum Gravity 20 (2003), no. 23, 4995–5016.
[14] Alessandro Ottazzi, Multicontact vector fields on Hessenberg manifolds, J. Lie Theory 15 (2005), no. 2,
357–377.
[15] Alessandro Ottazzi and Gerd Schmalz, Singular multicontact structures, J. Math. Anal. Appl. 443
(2016), no. 2, 1220–1231, DOI 10.1016/j.jmaa.2016.06.002.
[16] Arthur Tresse, De´termination des invariants ponctuels de l’e´quation diffe´rentielle ordinaire du second
ordre y′′ = ω(x, y, y′), Preisschrift Fu¨rstl. Jablon. Ges., Leipzig, Hirzel (1896).
[17] Tomoaki Yatsui, On pseudo-product graded Lie algebras, Hokkaido Math. J. 17 (1988), no. 3, 333–343.
[18] , On free pseudo-product fundamental graded Lie algebras, SIGMA Symmetry Integrability
Geom. Methods Appl. 8 (2012), Paper 038, 18.
(Ottazzi) CIRM, Fondazione Bruno Kessler, Via Sommarive, 14 - Povo, I-38123 Trento,
Italy
School of Mathematics and Statistics, UNSW, Sydney
E-mail address: alessandro.ottazzi@gmail.com
(Schmalz) School of Science and Technology, University of New England, Armidale, NSW
2351 Australia
E-mail address: gerd@une.edu.au
